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Abstract :  For the Euler-Zagier’s multiple zeta function ),( 212 ss  of two variables , 
we  obtain its integral representation ( involving product of Hurwitz’s  zeta  
functions)  over the interval ),1[   , with respect to the second variable of the  
Hurwitz zeta function  and also obtain a good approximation to it as a  
function of  s1 and s2 ,  for  11 s  and s2>1 .  In particular , this approximate is  
explicitly computable , when  s1 , s2 differ by an even integer and is good  , when  
s2  is large  .  We treat ),,( 3213 sss  likewise .  
 
Keywords :  Hurwitz’s /Euler-Zagier’s/Tornheim /Riemann zeta functions . 
 
 
 
 
 
 Integral Expressions for ),( 212 ss , ),,( 3213 sss and Approximations  
 
VIVEK  V.  RANE , 
A-3/203 ,  ANAND NAGAR , 
DAHISAR , MUMBAI-400 068 
INDIA . 
v_v_rane@yahoo.co.in 
 
                    For the complex variable  s  and a fixed complex number  
,......2,1,0   , define the Hurwitz’s zeta function ),(  s  by 


0
)(),(
n
sns   
for Re s>1 ;and its analytic continuation as a function of  s  and treat   as a  
complex variable thereafter . We shall write )()1,( ss   , the Riemann zeta  
function . For the complex variable  s   with Re s>1  and for the real variable  ,  
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0r  . Note that for Re s>1,  0),()( sr  . In particular , 0),( s  for Re s>1 .  
Also note that for  s>1 , ),( us  is a monotonically decreasing function of  u  . 
                    For the complex variables  s1, s2 ………., sr , where 1r  is an integer , 
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for Re 1is  for 1...,,.........2,1  ri  and Re sr>1; and  its analytic continuation . In 
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continuation . 
                    For the complex variables s1,s2,s3, Tornheim’s double zeta function 
T(s1,s2,s3) is defined by  3
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Re(s2+s3)>1 and Re(s1+s2+s3)>2 ; and  its analytic continuation . Then T(s1,0,s3) 
= 2 (s1,s3) . Using the theory of Tornheim’s double zeta function , one can evaluate 
T(n1,0,n2) for the integers  2, 21 nn  with their difference an odd integer . 
However, for the integers 2, 21 nn  with an even difference , the evaluation is 
complicated . See for example author [2] . In this backdrop , we shall give an 
integral representation for ),( 212 ss  for s1,s2>1 and give an approximation to it in 
terms of integrals (involving  products of  Hurwitz zeta functions) over the interval
),1[   with respect to the second variable .Interestingly , this approximate is 
explicitly computable, when  1,1 21  ss  differ by an even integer and is very good  
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In  view of 
this ,  on integration by parts repeatedly , the integral 
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explicitly evaluated in terms of products of values of )(s  for Re s>1 , when  n  is 
an odd positive integer  .  Similarly , in the context of ),,( 3213 sss  , it is to be noted 
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 See  for example author [1] , where we have developed  the integral calculus of 
),(  s
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 with respect to α.  Against this overall backdrop , we shall state our 
Theorem 1 and Theorem 2 below .  
                    In what follows , [u] shall denote the integral part of the real variable  
u and )(s  shall stand for  Riemann zeta function . 
Theorem 1 :  For the real variables 11 s , 12 s  , we have 
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